In this paper, we give some estimates of the essential norm for generalized weighted composition operators from the Bloch space to the Zygmund space. Moreover, we give a new characterization for the boundedness and compactness of the operator.
Introduction
Let X and Y be Banach spaces. The essential norm of a bounded linear operator T : X → Y is its distance to the set of compact operators K mapping X into Y , that is, When n = , the generalized weighted composition operator D n ϕ,u is the weighted composition operator, denoted by uC ϕ . In particular, when n =  and u = , we get the composition operator C ϕ . If n =  and u(z) = ϕ (z), then D 
In , Montes-Rodrieguez in [] obtained the exact value for the essential norm of the operator C ϕ : B → B, i.e., 
Motivated by these observations, the purpose of this paper is to give some estimates of the essential norm for the operator D Throughout this paper, we say that P Q if there exists a constant C such that P ≤ CQ. The symbol P ≈ Q means that P Q P. 
and
It is easy to check that f a , g a , h a ∈ B  and f a B , g a B , h a B  for all a ∈ D and f a , g a , h a converge to  weakly in B as |a| → . This follows since a bounded sequence contained in B  which converges uniformly to  on compact subsets of D converges weakly to  in B (see [, ] ). Thus, for any compact operator K :
Therefore, from the definition of the essential norm, we obtain
Similarly to the above we see that all k j , l j , and m j belong to B  and converge to  weakly in B. Moreover,
Then for any compact operator K : B → Z, we obtain
From the definition of the essential norm, we obtain For any f ∈ B such that f B ≤ , we consider
It is obvious that
Now, we consider
where N ∈ N is large enough such that r j ≥   for all j ≥ N ,
, we see that u ∈ Z, Similarly, from the fact that u ∈ Z we have
Next we consider Q  . We have Q  ≤ lim sup j→∞ (S  + S  ), where
First we estimate S  . Using the fact that f B ≤  and Theorem . in [], we have
Taking the limit as N → ∞ we obtain
Similarly, we have lim sup j→∞ S  A + B + C, i.e., we get
From (.), we see that
Similarly we have lim sup j→∞ S  E. Therefore
Next we consider Q  . We have Q  ≤ lim sup j→∞ (S  + S  ), where
After some calculation, we have
Similarly, we have lim sup j→∞ S  A + B + C, i.e., we get
From (.), we see that
Similarly we have lim sup j→∞ S  F. Therefore
Finally we consider Q  . We have Q  ≤ lim sup j→∞ (S  + S  ), where
Similarly, we have lim sup j→∞ S  A + B + C, i.e., we get
From (.), we see that
Similarly we have lim sup j→∞ S  G. Therefore |u(z)| < ∞. Moreover, the following holds: 
By Lemma ., the first inequality in (.) is equivalent to the weighted composition op-
is bounded. By Lemma ., this is equivalent to
The second inequality in (.) is equivalent to the operator u C ϕ : H
is bounded. By Lemma ., this is equivalent to 
Conclusion
The boundedness and compactness of D 
